The use of electrostatically driven silicon double-ended tuning forks as sensors for biological applications is theoretically demonstrated. The sensing principle proposed is that added mass or stiffness arising from the binding of biomolecules onto the surface of one tine of the tuning fork leads to a mismatch of the two tines while exciting the 'in phase' resonant mode which will be the qualitative signature of the biomolecular recognition. Theoretical considerations are introduced to analyse the dynamic behavior of the tuning fork and give clear design rules allowing us to avoid mechanical nonlinearities which could noticeably affect the response of the sensor. Then, a simple mass-spring equivalent model is set up to explain the response of a perfectly matched double-ended tuning fork and the theoretical response of the tuning fork to a perturbation (mass and/or stiffness loading on either tine) is investigated.
Introduction
Recently, micro-and nanoelectromechanical systems have been the subject of a great deal of attention for the technological and scientific interest in the development of a wide range of novel physical, chemical and biological sensors [1] [2] [3] . The use of micro-and nanomechanical oscillators, particularly microcantilevers as resonant biochemical sensors offers advantages in terms of performance, versatility and price. The transduction mechanism of a microcantilever bio-chemical sensor is based upon changes in the deflection and resonance properties induced by the binding of bio-chemical species on its functionalized surface [4] [5] [6] . Although this kind of microsensors remains particularly attractive, it is established that high sensitivity is obtained using optical detection which tends to complicate the fabrication of integrated systems. Furthermore, for the purpose of obtaining very high sensitivity, the microcantileverbased sensors need high mechanical quality factors achieved by electronically controlling sensors damping [7] or by operating sensors under vacuum but this is hardly ever compatible with bio-chemical measures.
Recently, quartz tuning fork microstructures have been proposed as an alternative to the already existing micromechanical biosensors [8, 9] . It should be pointed out that apart from the usual application as a time-frequency standard in watches, tuning forks have shown a high resolution potential when used as angular rate microsensors [10] , atomic force microscopy components [11, 12] or resonant force devices [13] .
In this study, a novel way of using electrostatically driven silicon double-ended tuning forks as sensors for biological applications is proposed. The sensing principle relies on the fact that the added mass or stiffness arising from binding biomolecules onto the surface of one tine of the tuning fork leads to a mismatch of both tines and excites an additional mode of resonance which will be the qualitative signature of the biomolecular recognition. First, theoretical considerations were made to analyse the dynamic behavior of the tuning fork and to provide clear design rules to avoid mechanical nonlinearities which could dramatically affect the sensor response. A simple mass-spring equivalent model was then set up to explain the response of a perfectly matched double-ended tuning fork. Based on this model, the theoretical response of the tuning fork to a perturbation (mass and/or stiffness loading on either tine) was investigated. 
Theoretical model of the mechanical nonlinearity of a tuning fork
Consider the double-ended tuning fork structure as depicted in figure 1. Making the assumption that there is little or no deflection at the tuning fork base, each tine can be considered as a separate clamped-clamped beam.
The differential equation that describes the undamped, unforced motion of this beam (disregarding the tension effects) is as follows,
where w(x, t) stands for beam deflection, E is Young's modulus of the material, I the moment of inertia of the beam cross-section, ρ the density of the material and S the crosssectional area. The modal analysis breaks down the partial differential equation into a number of ordinary single-degree-of-freedom equations, one for each mode of vibration. Hence, it can be assumed that the response of the beam consists of an infinite number of these vibration modes, each being independent of the other and each consisting of a time-dependent term and a position-dependent term:
The behavior of any individual mode can be analysed by replacing (2) into (1), by multiplying the new equation by the shape of the mode to be analysed and integrating the equation over the beam length. This leads to the following definition of effective mass and effective stiffness, namely,
Using these definitions, the initial partial differential equation of beam motion becomes that of a simply secondorder system:
Rearranging (4) by dividing its two members by M i eff leads toÄ
where ω i = √ K i eff /M i eff is the natural frequency of the beam.
So far we have assumed a linear system. However, in practice, nonlinearities often occur and disturb the resonator response.
The dominant source of nonlinearity in a clamped-clamped beam is amplitude-stiffening (or 'hardspring effect'). These cubic spring nonlinearities are most obviously manifested as a shift in resonant frequency due to a change in motion amplitude.
To determine the limit of amplitude a l beyond which the resonant motion of a clamped-clamped beam becomes nonlinear, first compute the expression of the shift of the resonant frequency of an anharmonic oscillator as a function of its motion amplitude [14] . Then, determine the cubic spring constant β that fits the nonlinear force-displacement of the oscillator which finally allows a l to be determined.
Consider equation (5) relating to the case of the fundamental resonant mode (i = 1) and where a cubic spring term, in A(t) 3 , has been added (this operation leads to the differential equation that describes the free nonlinear motion of an unforced, undamped anharmonic oscillator),
where ω 0 is the resonant frequency of the oscillator and β a coefficient that fits the nonlinear force-displacement curve of the oscillator (its expression will be calculated later). The solution is a periodic function the frequency of which depends on the oscillation amplitude. By writing the solution as a Fourier series, we get
where A(t) is considered as an even function (all b n coefficients of the Fourier series are zero). The main term in the series (2) is the fundamental a 1 cos(ωt), all other coefficients a n being considered as insignificant relative to a 1 . Take the expression of A(t) 3 (by limiting it to the third order of a 1 ):
Replacing (7) and (8) into (6) 
where ω = ω − ω 0 and ω are considered very close to ω 0 .
To evaluate β for a clamped-clamped beam, consider the elastic potential energy as follows,
where E is Young's modulus of the beam, S the transverse section, l the beam elongation, L is the total length and x the direction parallel to the length of the beam. Assume that w(x, t) is the beam displacement form, so l can be expressed as
For an infinitesimal element of the beam, we obtain
which implies
Hence, it can be assumed that
Given the fact that the displacement w(x, t) can be written as the product of two functions, one depending on x only (the 'mode shape') and the other on t (the 'modal coordinate'), it is assumed that the fundamental mode shape can be written as
where
, αL = 4.73 and K = 0.133. Introduce (15) and (14) into (13):
The calculus of the integral into (16) is effected after the change of variable u = αx leading to
Since αL = 4.73, the elastic potential energy becomes
The restoring force corresponding to the elastic potential energy is then
which leads us to write
Reconsidering the equation of the unforced, undamped anharmonic oscillator as follows,
one can derive after dividing the two members of the equation by M eff and replacing M eff by its expression (3) thaẗ
After identification of (22) and (6), the cubic spring coefficient becomes
We will now proceed with the evaluation of the limit of amplitude a l beyond which the resonant motion of a clampedclamped beam becomes nonlinear starting with the solution to equation (6) in a forced, damped regimë
where 2λ = ω 0 /Q is the modal damping ratio (Q the quality factor corresponding to the fundamental vibration mode) and F 0 cos(ωt) the harmonic excitation applied to the beam. We also introduced the term
that allows us to solve the initial equation of an anharmonic oscillator as a classical linear equation. Here, a denotes the coefficient a 1 appearing in the Fourier series of the solution A(t). The term ω 0 (a) = ω 0 + ω may be calculated as a function of ω 0 , β and a, by using expression (9) as follows:
Developing of (1 + x 2 ) with |x| < 1 and x = 3β 4ω 2 0 a 2 , we get
Equation (27) is essential because it shows how the resonant frequency ω 0 (a) of an anharmonic oscillator shifts with the amplitude of the motion a. For values of ω close to ω 0 (a), the solution of equation (24) is
To simplify the expression of a 2 , we introduce γ = 3β 8ω0 and = ω − ω 0 . This leads to the following analytical expression:
For a given , a 2 is a root of equation (29) (of the third degree). It is easy to show that this equation has a single real positive root for low values of F 0 . Beyond a limit value F 0 limit (subsequently calculated) of the force F 0 , equation (29) has three positive real roots (which is the source of the hysteretic resonant response of the oscillator).
Let be expressed as a function of a:
Case (i). When F 0 < F 0 limit , for each value of the amplitude a between zero and a max = F 0 /2M eff ω 0 λ there exist two values of that correspond respectively to the upward/downward branches of the curve of resonance a( ). Case (iii). When F 0 = F 0 limit , the derivative d da has a double root which is denoted by a l .
Case (ii). When
Consider the upward branch:
Then,
The derivative d da has a double root which means that f 1 (a l ) = 0 (where f 1 (a) is the left term of the equation (32)) and df1(a) da a=al = 0. The latter condition leads to
Introducing (33) into f 1 (a l ) = 0 leads to
Replacing F 0 by F 0 limit into (33) allows us to evaluate the limit of amplitude a l beyond which the resonant motion of a clamped-clamped beam becomes nonlinear: 
where b is the beam width. Since w(x, t) = A(t)y(x) we can calculate the displacement w l = a l y(0) corresponding to a l :
If the width of the studied clamped-clamped beam is equal to 10 µm and the quality factor of the resonant motion (for the fundamental mode) is about 2000, then the maximal displacement of the beam beyond which its oscillation becomes nonlinear is w l = 0.27 µm.
Lumped-parameter model of the tuning fork
In the previous section, the nonlinear analysis has been performed on the individual tines of the tuning fork. Here, the dynamic model for the fork is derived by considering the two beams of the structure and their mechanical interaction.
For any vibration mode in an individual tine, there exists a pair of modes in the tuning fork structure: the symmetrical mode (where both tines vibrate in phase) and the antisymmetrical mode (where both tines vibrate out of phase). This behavior is modeled by means of an equivalent springmass system, as shown in figure 3 (the analysis is intentionally limited to the fundamental mode of vibration of the tuning fork).
Masses m 1 and m 2 stand for the effective masses of the tines while the outer springs k 1 Forces F 1 and F 2 represent the electrostatic forces generated by the comb-drive electrodes.
The free-body diagrams (as shown in figure 4 ) illustrating the spring and damping forces acting on m 1 , m 2 and M b allow us to sum the forces on each mass in the horizontal direction yielding
After rearranging the three equations (38) according to the descending order derivatives of x, the vector equation of the three-degree-of-freedom model (TDFM) of the tuning fork can be written as follows,
where M, K, C, F 0 and x respectively stand for mass matrix, stiffness matrix, damping matrix, force vector and displacement (or response) vector defined as
Limiting the analysis to the fundamental mode of vibration of the tuning fork, the concept of proportional damping (also called Rayleigh's damping) is adopted so that modal analysis can be used directly to solve equation (39). In this case, the damping matrix C is assumed to be a linear combination of the mass and stiffness matrix, that is,
where ν and ϑ are constants. Performing the modal analysis of the system described by equation (39) allows us to calculate the natural frequencies and the mode shapes of the tuning fork. To that end consider the matrix square root defined to be the matrix M 1/2 such that
Note that if M is not a diagonal matrix, the notion of square root is dropped in favor of using the Cholesky decomposition [15] . Consider the mass normalized stiffness matrix K and the mass normalized damping matrix:
The scalars i satisfying the equation
are called eigenvalues of the matrix K and represent the natural frequencies ω 2 i = i , i = 1, 3 of the TDFM of the tuning fork. Consider the eigenvectors v i , i = 1, 3 corresponding to the eigenvalues i so as to satisfy the following system of equations:
To decouple the equations of motion of the TDFM of the tuning fork, a new matrix P (referred to as modal matrix) is created and defined by
After calculating the matrix P T CP, P T KP and P T M −1/2 F 0 we can establish the modal decoupled equations of motion of the TDFM of the tuning fork as follows:
Substituting P T M −1/2 F 0 by f(t) and detailing (51) for each of the vibration modes of the TDFM of the tuning fork yields
whose general solution is given by To obtain the solution in the original physical coordinate system, x(t), the following transformation is made,
where Global mass of one auxiliary arm (kg) 9.31 × 10
−11
Global mass of the free-to-move comb-drives (kg) 2.46 × 10
Total mass m 1 = m 2 2.7 × 10 −9 
Theoretical results and discussion

Response of a perfectly matched tuning fork
Consider a silicon-made tuning fork whose structure is the same as that shown in figure 2 . The main dimensions of beams and comb-drive electrodes are given in table 1. The elements given in table 1 allow us to calculate effective (and global) masses, stiffness and damping coefficients of the different elements of the tuning fork assuming in advance that the density of silicon is ρ Si = 2330 kg m −3 and silicon Young's modulus is E Si = 170 GPa.
Masses calculus.
The three masses m 1 , m 2 and M b constituting the TDFM of the considered tuning fork are calculated as follows (table 2) .
• The mass m 1 (or m 2 ) represents the sum between the effective mass of one tine of the tuning fork (see relation (3)), the global mass of one auxiliary arm and the global mass of the free-to-move comb-drives.
• The mass M b stands for the effective mass of both bases of the tuning fork (table 3) .
Stiffness calculus.
The three values of stiffness k 1 , k 2 and k b constituting the TDFM of the considered tuning fork are calculated by using equation (3) that yields (table 4) .
Damping coefficients of the tines of the tuning fork.
The two largest sources of damping for any resonator are fluid damping from the ambient gas and structural internal damping from the material itself. Since the tuning fork is operated in air, fluid damping will largely dominate. Based on the assumption that the fluid damping is proportional and using equation (45) we can choose ν = 95.7 s −1 and ϑ = 0 s to obtain the same quality factor for each tine equal to Q 1 = Q 2 = 2000 which is a realistic value for a tuning fork vibrating in air [8] .
Electrostatic actuation forces.
As mentioned before, the tuning fork studied is excited electrostatically by means of comb-drive electrodes. The concept and how to calculate the electrostatic force generated by this kind of actuation have been extensively covered in a large number of previous papers [16] [17] [18] . The force can be expressed as
where ε 0 is the dielectric constant 8.85 × 10
, n e the number of comb gaps, t the thickness of a comb, g the comb gap distance, V 0 the nominal dc polarization voltage and v e the ac polarization applied to achieve oscillatory motion of the comb.
Using the comb-drive characteristics given in table 1 for V 0 = 5 V and v e = 0.5 V yields for the electrostatic forces F 1 = F 2 values:
This value allows us to calculate the amplitude of motion of one tine of the tuning fork at the resonance (in the antisymmetrical mode) that is given by
where the natural frequency of one tine is ω = √ K eff /M eff with K eff and M eff taken from tables 4 (k 1 ) and 3 (m 1 ) respectively. This yields an amplitude of motion equal to 0.18 µm which is much smaller than the maximum displacement of the beam beyond which the tine oscillation becomes nonlinear (w l = 0.27 µm, see relation (37)) meaning that the motion of the tuning fork is linear.
Calculated forced response of the perfectly matched tuning fork.
All the parameters calculated before are implemented into a MATHCAD [19] software to calculate the forced response of a perfectly matched tuning fork by using the modal analysis of the TDFM illustrated in figure 3 . Hence, the response to balanced forcing on the two tines of the tuning fork is shown in figure 5 .
It should be noted that for a perfectly matched and balanced forcing tuning fork only the 'out of phase' mode of vibration can be explicitly detected, at a resonant frequency equal to f out of phase = 32.09 kHz .
If only one of the tines of the tuning fork is forced (which means that only one of the comb-drive electrodes is polarized), the response of the tuning fork is shown in figure 6 .
Here, it can be seen that both modes of vibration ('out of phase' and 'in phase' modes) can be specifically detected (f in phase = 29.94 kHz and f out of phase = 32.09 kHz).
It is this property residing into excite preferentially the 'in phase' resonant mode of the tuning fork (by voluntarily mismatching its tines) that will be used to propose a new concept of very sensitive tuning fork-based biosensor. 
Response of an unmatched tuning fork after biological or chemical species grafting onto the surface of one of its tines
Recent experiments [5] using microcantilever beams as biosensors have led to observations that multiple DNA hybridization and antigen-antibody reactions can collectively produce nanomechanical motion induced by changes in surface stress of the cantilever caused by biomolecular binding. Based on this, it can be assumed that a DNA hybridization protocol [20] that implies the use of gold colloids in order to improve the response of the biosensor (the protocol description falls within the scope of this paper) specifically made on one of the two tines of the tuning fork could lead to a simultaneous change of mass and stiffness.
Effects of the change of the mass and stiffness of one tine onto the dynamics of the tuning fork. (a) Change of mass.
We assume in a first approach that the biological protocol mentioned before changes only the mass of one of the tines of the tuning fork studied and we consider that 100 nm diameter gold colloids are specifically (and uniformly) adsorbed onto the surface of the tine so that the surface density is about 150 colloids µm −2 [21] . This in turn, leads to consider that, for example, the mass m 2 of the TDFM of the tuning fork increases by an amount corresponding to the added effective mass of gold colloids equal to,
where ρ Au is the density of gold 19 300 kg m
, V col is the volume of one gold colloid, S tine the transversal surface of the tine, d col the adsorbed colloids density of surface and y(x) the fundamental mode shape of the tine (see relation (15) ). After numerical calculus, we obtain M col = 10 −11 kg. The response of the tuning fork after adsorption of gold colloids onto the surface of the tine m 2 is illustrated in figure 7 .
In order to illustrate the limits of the method, consider that the surface density of adsorbed colloids is about 50 colloids µm −2 (i.e. one third the surface density considered before). In this case, the response of the tuning fork is illustrated in figure 8 .
It should be noted that the amplitude of the 'in phase' mode decreases dramatically while the shift between f out of phase and f in phase is sensibly the same. This clearly shows the limits of the detection when only the effects of added mass disturb the equilibrium of perfectly matched tuning fork.
However, the 'in phase' mode of vibration can be amplified if, besides the effects of added mass previously discussed, a change of stiffness K eff of the same tine of the tuning fork occurs. This change may be induced by a change in the surface stress of the tine as explained further.
(b) Change of mass and stiffness. Assuming the same amount of additional mass (onto the surface of the tine m 2 ) as illustrated in figure 7 and assuming that stiffness k 2 increases by 10% (corresponding to an average tensile added stress of about 10 MPa), the response of the tuning fork is shown in figure 9 .
By comparing figures 7 and 9 it is easy to note that a variation of the order of 10% of the tine stiffness dramatically amplifies the 'in phase' peak of resonance which allows us to detect it easier. Moreover, the frequencies f out of phase and f in phase are shifted by 900 Hz toward the higher frequencies domain while the shift between both frequencies increases by 16 Hz. Although this detection concept based on the intentional mismatch of both tines of a tuning fork could represent a very powerful method of biomolecular recognition, this could lead to some obstacles during its application because no real tuning fork is ideally matched: for example, fabrication uncertainties could give rise to geometrical mismatches between the two tines of the tuning fork. However, novel micromachining techniques based on femtosecond laser ablation [22, 23] allow us to minimize the tines intrinsic mismatch by very locally shaping the material in order to make an ideally matched tuning fork.
Conclusion
The use of electrostatically driven silicon double-ended tuning forks as sensors for biological applications has been theoretically demonstrated. The basis of the sensing principle is that added mass or stiffness due to biomolecules binding onto the surface of one tine of the tuning fork leads to the mismatch of both tines and excites the 'in phase' resonant mode which will be the qualitative signature of the biomolecular recognition. Theoretical considerations have been introduced to investigate the dynamic behavior of the tuning fork and give clear design rules allowing us to avoid mechanical nonlinearities which could dramatically affect the sensor's response. Then, a simple mass-spring equivalent model has been set up to explain the response of a perfectly matched double-ended tuning fork and the theoretical response of the tuning fork to a perturbation (mass and/or stiffnes loading on either tine) has been investigated. Fabrication of silicon double-ended tuning forks is under way, the main issue being the experimental validation of the study presented here.
